(15) ƒ + Xg = *(X), g = 1 + £ h \ -£ b \ = *'(X), a rational function of X continuous in the interval (11) . If all the bk^O we have 0'(X p+ i) = -00, 0'(Xp) =00 if p>l, while if p = 1, then </>' (-<*>) = 1 >0. Hence there exists a X in the intervals (10) such that <£'(X)=g = 0. But then our hypothesis states that f=</>(\) >0. By (12), and since <£(X) >0, we have/+Xg positive definite.
There remains the case where some && = 0. Here we may permute the X{ and change the sign of g if necessary and carry the corresponding Xk into xi. Then ƒ = -Xi#i 2 +fo(x 2 , • • • , x n ). As in the proof above we may carry f 0 into (7) and have ƒ in the form (3). But/>0 for g = 0 and as in the proof of Lemma 2 we have (5), and /+Xg is positive definite for X as in (6).
We have proved our theorem. Notice that our reduction to the case g non-singular together with Lemmas 1, 2 determines the range of X for which ƒ+Xg is positive definite.
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THE RIEMANNIAN CURVATURE OF A HYPERSURFACE*
AARON FIALKOWf
1. Introduction. It is a well known theorem of Gauss that the total curvature of any two dimensional surface in euclidean three space is equal to the product of the principal normal curvatures. Eisenhartt has shown that a generalization of this theorem applies to Riemann spaces of class one; that is, the hypersurfaces of an ^-dimensional flat space. He proves the theorem: 3 for x c 9?. Since the rank of ||dy*/d#*|| is n, (2) is non-singular for x c 9? although it may be indefinite. Under these conditions the Gauss equations An index which appears twice in an expression is to be summed over the appropriate range unless the index appears in parentheses.
f The comma denotes covariant differentiation with respect to the tensor g»/.
Riemann curvature tensors of V n and V n +i respectively, and e is plus one or minus one, being defined by
where the £ a are the components of the unit normal to F w . The quantities Sin are the coefficients of the second fundamental form of V n If the elementary divisors of (8) are simple (as is always the case if (3) is definite), there is at least one orthogonal ennuple of unit vectors (p)X* which satisfy (7). When the elementary divisors are not simple, the tangents of some of the lines of curvature are null vectors. If (2) is indefinite, the principal normal curvatures need not be real even though V n and V n+ i are both real Riemann spaces. The tangent of a line of curvature is real when and only when the corresponding principal normal curvature is real.f 3. The theorem of Gauss for any Riemann space V w +i. We assume that d)X* and (2>X* are two unit vectors which are tangent to real lines of curvature at a point P corresponding to x c 9?. If these directions and any (n -2) real unit vectors orthogonal to both d)X* and (2)X* are chosen as coordinate directions, it follows from the algebraic theory that at P t glZ = gu = ' ' * = gin = 0, (i)X 2 = (i)X (12) k pq = eK p K q for every hypersurface for which the elementary divisors of (8) are simple. This is the theorem of Gauss for a flat F w +i. To prove the converse of this theorem, we first prove the lemma:
Given any Riemann space V n +i f an arbitrary.point P of this space, and a set of n mutually orthogonal vectors (i)£ To prove this lemma we construct the V n . Let the coordinates y a of (1) Hence from (15) and (17) it follows that 5 is a V n which has the given vectors ( P )£ a as the directions of its lines of curvature at the given point. This proves the lemma.
From this result, the converse of Gauss' theorem for a flat V n+ i, stated in the introduction, follows immediately. For if (12) holds for every hypersurface in V n +i, the lemma shows that k pq must be zero for an arbitrary orientation, hence V n +i is flat.
It is clear that a similar argument may be employed to show that if kpq -k 0 = eKpK q , k 0 a constant, for every hypersurface for which the elementary divisors of (8) are simple, V n +i has constant Riemannian curvature ko and conversely.
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